We investigate the accuracy of the recently proposed nonclassical transport equation. This equation contains an extra independent variable compared to the classical transport equation (the path-length s), and models particle transport taking place in homogenized random media in which a particle's distance-to-collision is not exponentially distributed. To solve the nonclassical equation one needs to know the s-dependent ensemble-averaged total cross section, Σ t (µ, s), or its corresponding path-length distribution function, p (µ, s). We consider a 1-D spatially periodic system consisting of alternating solid and void layers, randomly placed in the x-axis. We obtain an analytical expression for p (µ, s) and use this result to compute the corresponding Σ t (µ, s). Then, we proceed to numerically solve the nonclassical equation for different test problems in rod geometry; that is, particles can move only in the directions µ = ±1. To assess the accuracy of these solutions, we produce "benchmark" results obtained by (i) generating a large number of physical realizations of the system, (ii) numerically solving the transport equation in each realization, and (iii) ensemble-averaging the solutions over all physical realizations. We show that the numerical results validate the nonclassical model; the solutions obtained with the nonclassical equation accurately estimate the ensemble-averaged scalar flux in this 1-D random periodic system, greatly outperforming the widely-used atomic mix model in most problems.
I Introduction
The classical theory of linear particle transport defines the total cross section Σ t as independent of the path-length s (the distance traveled by the particle since its previous interaction) and of the direction of flight Ω. This definition leads to an exponential probability density function for a particle's distance-to-collision:
However, a nonexponential attenuation law for the particle flux arises in certain inhomogeneous media in which the scattering centers are spatially correlated. This "nonclassical" behavior occurs in certain important applications, such as neutron transport in Pebble Bed Reactors (in which a nonexponential p(s) arises due to the pebble arrangement within the core) and photon transport in atmospheric clouds (in which the locations of the water droplets in the cloud seem to be correlated in ways that measurably affect the radiative transfer within the cloud).
An approach to this type of nonclassical transport problem was recently proposed [1, 2] , with the assumption that the positions of the scattering centers are correlated but independent of direction Ω. Existence and uniqueness of solutions are rigorously discussed in [3] . This nonclassical theory was extended in [4] to include angulardependent path-length distributions in order to investigate anisotropic diffusion of neutrons in 3-D PBR cores.
A similar kinetic equation with path-length as an independent variable has been rigorously derived for the periodic Lorentz gas in a series of papers by Golse et al. (cf. [5] for a review), and by Marklof & Strömbergsson (cf. [6, 7] ). Furthermore, related work has been performed by Grosjean in [8] ; it considers a generalization of neutron transport that includes arbitrary path-length distributions, and presents a derivation of diffusion solutions for infinite isotropic point and plane source problems. ψ is the nonclassical angular flux, c is the scattering ratio (such that the scattering cross section Σ s = cΣ t ), and Q is the source. Here, the nonclassical angular-dependent ensemble-averaged total cross section Σ t (Ω, s) is defined as Σ t (Ω, s)ds = the probability (ensemble-averaged over all physical realizations) that a particle, scattered or born at any point x and traveling in the direction Ω, will experience a collision between x + sΩ and x + (s + ds)Ω.
The underlying path-length distribution and the above nonclassical cross section are related [4] by
It has been shown that, if p(s) is independent of Ω, Eq. (2) can be converted to an integral equation for the scalar flux that is identical to the integral equation that can be constructed for certain diffusion-based approximations [9, 10] .
Moreover, if the path-length distribution function is an exponential as given in 
Numerical results have been provided for the asymptotic diffusion limit of this nonclassical theory [2, 11, 12, 13] , and for moment models of the nonclassical equation in the diffusive regime [14] . However, very few results have been presented for the nonclassical transport equation. This is because one must know Σ t (Ω, s), or Σ t (s) in the case of angular-independent path lengths, in order to solve Eq. (2) .
In this paper we investigate the accuracy of the 1-D nonclassical transport equation. We consider a 1-D random periodic system: a spatially periodic system consisting of alternating layers, randomly placed on the x-axis. This means that we only know which material is present at any given point x in a probabilistic sense. This system was chosen because we can obtain an analytical expression for the distribution function p(µ, s) of a particle's distance-to-collision in the direction µ. Then, using the identity [4] 
one can obtain a solution for Eq. (6).
The numerical results presented in this paper consider transport in rod geometry, in which particles can only move in the directions µ = ±1. This paper is an expanded version of a recent conference paper [15] . The remainder of this paper is organized as follows. In Section II we sketch the 1-D random periodic system under consideration. In Section III we analytically derive the path-length distribution function for the periodic random system; explicit expressions for solidvoid media are given in Section III.A. In Section IV we define the parameters of the test problems and describe the benchmark, atomic mix, and nonclassical approaches to solve them. In Section V we examine the numerical results that confirm the accuracy of the nonclassical model. We conclude with a discussion in Section VI.
II The 1-D Random Periodic System
Let us consider a 1-D physical system similar to the one introduced in [16] , consisting of alternating layers of two distinct materials (labeled 1 and 2) periodically arranged.
The period is given by = 1 + 2 , where i represents the length of each layer of material i ∈ {1, 2}. A sketch of the periodic system is given in Fig. 1 .
This periodic system is randomly placed in the infinite line −∞ < x < ∞, such that the probability P i of finding material i in a given point x is i / . Therefore, the cross sections and source are stochastic functions of space; that is, if x is in material i, then
where Σ ti , c i , and Q i represent the total cross section, scattering ratio, and source in material i.
III The Path-length Distribution Function
Given a physical realization of the 1-D system described in Section II, let us examine a particle that is born (or scatters) at a point x in a layer of material i ∈ {1, 2} with direction of flight µ = 0. We define x 0 to be the horizontal distance between x (the point in which the collision or birth event took place) and the next intersection between layers in the direction µ. We also define:
= the probability that a particle born or scattered in material i, at a horizontal distance x 0 of the next intersection, with direction of flight µ, will travel a distance s without colliding;
p B i (x 0 , µ, s)ds = the probability that a particle born or scattered in material i, at a horizontal distance x 0 of the next intersection, with direction of flight µ, will experience a collision between s and s + ds.
For µ = 0, we can write
such that
and
Here, n = 0, 1, 2, ...; i, j ∈ {1, 2}; i = j; and = i + j . It is clear that
the probability that a particle born or scattered in material i, at a horizontal distance x 0 of the next intersection, with direction of flight µ, will experience its first collision while traveling a distance between s and s + ds
and the ensemble-averaged path-length distribution function of particles born or scattered in material i with direction of flight µ is given by
Finally, the ensemble-averaged path-length distribution function for particles born anywhere in the 1-D random periodic system with direction of flight µ is given by the weighted average
where λ i is the probability that any given birth or scattering event takes place in material i. It is easy to see that if Σ t1 = Σ t2 , Eqs. (11) to (14) yield the exponential
as given in Eq. (1).
III.A Solid-Void Medium
The numerical results included in this paper are for solid-void systems. We define material 2 as the void, such that
Depending on the lengths i of the material layers, Eq. (13) yields the following expressions for p(µ, s):
where n = 0, 1, 2, ... . The first and second moments of p(µ, s) in Eqs. (16) are given
We point out that the mean free path s does not depend on the direction µ and it is equivalent to the inverse of the volume-averaged total cross section. On the other hand, the mean square free path s 2 is a function of |µ|. . The "saw-tooth" behavior of Σ t (s) is consistent with the physical process and can be easily understood. For instance, in the case of 1 = 2 = 1 (Case 2):
1. A particle is born or scatters in material 1. The path-length s is set to 0, and
2.
At s = 1, the x-coordinate must be in material 2. Thus, Σ t (1) = Σ t2 = 0 3. At s = 2, the x-coordinate must be back in material 1. Thus,
The exceptions would be particles born exactly at interface points, which form a set of measure zero.
IV Test Problems and Models
The test problems simulated in this paper consider only rod geometry transport (particles can only travel in the directions µ = ±1) taking place in a finite 1-D random periodic system with vacuum boundaries. The classical transport equation is written
where Ψ ± (x) = Ψ(x, µ = ±1) and the stochastic parameters Σ t (x), Σ s (x), and Q(x)
are given by Eqs. (8) .
We are interested in how accurately the nonclassical model predicts the ensemble- Table I . The source Q 1 (x) is defined as
that is, particles are born near the center of the random system. The reason for this choice of source region can be visualized in Fig. 3 , in which the "wavy" pattern that arises from the periodic structure can be seen in Fig. 3a . If we allow Q 1 = 1 for −X ≤ x ≤ X, the solution is smoother, and the pattern is harder to identify (Fig. 3b) .
IV.A The Benchmark Model
The random quality of the 1-D system arises from its random placement in the x-axis.
To obtain a single physical realization one can simply choose a continuous segment of two full layers (one of each material) and randomly place the coordinate x = 0 in this segment, which also defines the boundaries ±X.
Given this fixed realization of the system, the cross sections and source in Eqs. (18) are now deterministic functions of space. We use the diamond spatial differencing scheme with mesh interval x = 2 −7 to solve for the angular flux Ψ, obtaining the scalar flux Φ(x) = Ψ + (x) + Ψ − (x) (see Fig. 4 ). This procedure is repeated for different realizations of the random system. Finally, we calculate the ensembleaveraged benchmark scalar flux Φ B (x) by averaging the resulting scalar fluxes over all physical realizations (as shown in Fig. 3a) .
Clearly, the number of different realizations that can be computed is limited by the spatial discretization, with the maximum number of different realizations being / x.
For all test problems in this paper, differences in the numerical results for Φ B (x)
were negligible when increasing the number of mesh intervals and realizations. Thus, we have concluded that these benchmark results are adequately accurate for the scope of this work.
IV.B The Atomic Mix Model
The atomic mix model [17, 18] consists of replacing in the classical transport equation the stochastic parameters (cross sections and source) by their volume-averages. This model is known to be accurate in 1-D geometry when the material layers are optically thin. The atomic mix equation in rod geometry for the test problems in this paper is given by
where
We solve Eqs. (20) for the ensembled-averaged angular flux Ψ using a diamond spatial differencing scheme with mesh interval x = 2 −7 . The ensemble-averaged atomic mix scalar flux is given by
An example is depicted in Fig. 5 .
IV.C The Nonclassical Model
For the rod geometry test problems included in this work, we rewrite the nonclassical Eq. (6) in an initial value form (cf. [4] ) as
is given by Eq. (20e), and the nonclassical cross section Σ t (s) = Σ(µ = ±1, s) is given by Eq. (7) and Eqs. (16) (see Fig. 2 ).
For the numerical solution of this system, we can interpret the path-length s as a pseudo-time variable. We then solve Eqs. (21) using a finite volume method with explicit pseudo-time discretization according to [19] . Specifically, we adapt the scheme introduced in [14] for moment models of the nonclassical transport equation.
This method is of first order in the pseudo-time variable s and in the spatial variable x. We choose a uniform grid (x m , s n ), where
and s n+1 = s n + ∆s for all n ∈ N 0 . Furthermore, we define ψ
for some infinite quadrature rule given by the weights ω n . The second order central differences arise as a numerical diffusion term, which is typical for HLL finite volume schemes.
In our calculations we cut off the integration at s max = 4X = 40 and use the trapezoidal rule. We use the same mesh interval x = 2 −7 as for the previous models, and a CFL number 0.5 (that is, s = 2 −8 ). Because of the coupling of the initial value to the full solution in Eqs. (21), this system is solved in a source-iteration manner, where we iterate between Eqs. (22a) and (22b). Finally, the ensemble-
An example is depicted in Fig. 6 .
It was shown in [14] that the contraction rate for the source iteration is given by the scattering ratio c. The maximum number of source iterations to converge the solution in problem set A was 417 (problem A 3 with c 1 = 0.99); and in problem set B was 251 (problem B 3 with c 1 = 0.99).
V Numerical Results
The atomic mix model inherently approximates the path-length distribution function by the exponential p(s) = Σ t e − Σt s . The nonclassical model uses the correct p(µ, s) that was analytically obtained in Eqs. (16) . In this section we compare the accuracy of these two models in predicting the benchmark solutions obtained for the test problem sets A and B.
For a better analysis of these results, we define the relative errors of the models with respect to the benchmark solutions as
The lengths of the material 1 layers in this set are the same order as a mean free path; that is, 1 Σ t1 = O (1) . It has been shown [20] that, in the diffusive asymptotic limit, the diffusion coefficient of such problems is correctly estimated by the atomic mix model. For the rod geometry problems in set A, this diffusion coefficient is given
Therefore, we expect the atomic mix predictions of the ensemble-averaged scalar flux to improve as the scattering ratio increases and the system becomes more diffusive.
On the other hand, the diffusion coefficient obtained by applying the same asymptotic analysis to the the nonclassical equation (see Appendix A) is given by
where s and s 2 are defined in Eqs. (17) . The solution of the nonclassical transport equation has been shown to converge to the solution of the nonclassical diffusion equation in the diffusive asymptotic limit [21] . Thus, we expect the nonclassical predictions of the ensemble-averaged scalar flux to deteriorate as the system becomes diffusive, underestimating the correct solution. Tables II to IV show that the nonclassical model tends to underestimate the scalar flux, while atomic mix overestimates the solution.
The nonclassical model never reaches an error larger than 3.7% in estimating the solutions' peak (at x = 0). On the other hand, the atomic mix estimate exceeds 5%
error in several problems, reaching a maximum of 8.24%.
It can also be seen from the results at the boundaries that the atomic mix model generates a solution with a large tail and it greatly overestimates the outgoing flux, in some problems by several orders of magnitude. The nonclassical model, however, never reaches an error larger than 4.7%.
V.B Problem Set B
Following the work presented in Section III.A, Fig. 14 shows the path-length distributions and nonclassical cross sections of problem set B. We have chosen the parameters of this set such that:
i. The optical thickness of each layer of material 1 is one order of magnitude larger than a mean free path: 1 Σ t1 = 10;
ii. The volume-averaged parameters remain the same in all problems in the set:
The large optical thickness implies that the problems in this set are not the type of problems for which the atomic mix model is known to yield the correct aymptotic diffusive limit. By fixing the volume-averaged parameters, the atomic mix model will yield exactly the same ensemble-averaged scalar flux for all problems in set B (which is the same as in A 2 ). The goal is to investigate whether the nonclassical model will outperform atomic mix for the diffusive cases. 
VI Conclusion
This work presents an investigation of the accuracy of the nonclassical transport theory in estimating the ensemble-averaged scalar flux in 1-D random periodic media.
The analytical portion of the paper considers transport in a slab consisting of alternating layers of any 2 materials. The following simplifying assumptions are made for the numerical simulations: (i) the 1-D system is a periodic arrangement of solid and void layers randomly placed in the x-axis; and (ii) particle transport takes place in rod geometry. This paper is an expanded version of a recent conference paper [15] , in which numerical solutions for the nonclassical transport equation were provided for the first time.
A total of 72 test problems are analyzed. We show that the nonclassical theory greatly outperforms the atomic mix model in estimating the ensemble-averaged scalar flux for most problems and that it qualitatively preserves the sinuous shape of the solution. The few cases in which atomic mix is more accurate are part of a class of diffusive problems in which the atomic mix model is known to converge to the correct diffusive limit (diffusive problems in set A). In this small subset of problems the nonclassical model converges to a diffusion solution with an unphysically large diffusion coefficient, causing the nonclassical solution to underestimate the ensembleaveraged scalar flux. However, for diffusive problems that are not in the atomic mix limit (set B), the nonclassical model is clearly superior to the atomic mix approach.
This gain in accuracy comes at a cost: the path-length distribution function p(s)
(and its corresponding Σ t (s)) must be known in order to solve the nonclassical transport equation. Despite the extra work, it is our expectation that the gain in accuracy will prove the effort worthwhile in the important nuclear system where nonclassical transport takes place, such as in Pebble Bed and Boiling Water reactor cores. In particular, the nonclassical theory represents an alternative to current methods that might yield more accurate estimates of the eigenvalue and eigenfunction in a criticality calculation.
Future work includes (i) performing a thorough numerical investigation of the nonclassical theory in slab geometry to further validate our analytical results; (ii) comparing the gain in accuracy against other models and experimental data; and (iii) dropping the periodic assumption to investigate results in more realistic random media. We point out that step (iii) cannot be performed with the analytical approach to obtain the path-lengths presented in this paper. It requires either a numerical approach to estimate p(µ, s), or a (much) more complex mathematical theory. 
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APPENDIX A 1-D Asymptotic Analysis
Following [4] , we scale the parameters of Eq. (6) such that
, and µ∂ψ/∂x = O(ε), with ε 1. In this scaling, Eq. (6) becomes ∂ψ ∂s
Let us defineψ(x, µ, s) such that
where s = 
20
This equation is mathematically equivalent to:
ψ(x, µ, 0) = 1 2
whereψ(x, µ, 0) =ψ(x, µ, 0 + ). Integrating Eq. (29a) over 0 < s < s we obtain:
Introducing into this equation the ansatẑ
and equating the coefficients of different powers of ε, we obtain for n ≥ 0:
withψ −1 =ψ −2 = 0. Equation (32) with n = 0 has the general solution
whereφ 0 (x) is undetermined at this point. For n = 1, Eq. (32) has a particular solution of the form:ψ
and its general solution is given bŷ
whereφ 1 (x) is undetermined. Equation (32) with n = 2 has a solvability condition, which is obtained by operating on it by
Thus, using the fact that 
where D N C is the nonclassical diffusion coefficient given by
Therefore, the solution ψ(x, µ, s) of Eq. (28) satisfies
whereφ 0 (x) satisfies Eq. (37). The classical angular flux can be obtained to leading order by integrating Eq. (38) over 0 < s < ∞. For transport in rod geometry,
Eq. (37b) yields
where 
